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Abstract
We generalize Dirichlet’s diophantine approximation theorem to approximating any real number α by a
sum of two rational numbers a1q1 +
a2
q2
with denominators 1 q1, q2 N . This turns out to be related to the
congruence equation problem xy ≡ c (mod q) with 1 x, y  q1/2+ .
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1. Introduction
Dirichlet’s theorem on rational approximation says
Theorem 1. For any real number α and real number N  1, there exist integers 1 q N and
a such that
∣∣∣∣α − aq
∣∣∣∣ 1qN . (1)
While studying almost squares (see [4]), the author accidentally consider the question of ap-
proximating α by a sum of two rational numbers:
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a2
q2
∣∣∣∣ (2)
with integers a1, a2 and 1 q1, q2 N .
(This turns out to be unfruitful towards the study of almost squares.) One can continue further
with approximating α by a sum of n > 2 rational numbers. We shall study this in another paper.
These seem to be some new questions in diophantine approximation.
However, if one combines the two fractions in (2), it becomes∣∣∣∣α − bq1q2
∣∣∣∣
with integers b and 1 q1, q2 N . This looks like the left-hand side of (1) except that we require
the denominator q to be of a special form, namely q = q1q2 with 1 q1, q2  N . In this light,
our Question 1 is not so new after all. People have studied diophantine approximation where the
denominator q is of some special form. For example,
(1) When q is a perfect square, see Zaharescu [11] with some history of the problem.
(2) When q is squarefree, see Harman [6], Balog and Perelli [3], Heath-Brown [7].
(3) When q is prime, see Heath-Brown and Jia [8] with some history of the problem.
(4) When q is B-free, see Alkan, Harman and Zaharescu [1].
Techniques from exponential sum, character sum, sieve method, and geometry of numbers were
used in the above list of works. In this paper, we shall use exponential sum and character sum
methods to study Question 1. It would be interesting to see if other methods can be applied.
One distinct feature of our results (see next section) is that the upper bounds of (2) depend on
single rational approximations a
q
of the real number α given by Dirichlet’s theorem. Alterna-
tively, we try to see how approximation by a sum of two rationals compares with single rational
approximation.
The starting point of the argument is∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣
∣∣∣∣α − aq
∣∣∣∣+
∣∣∣∣aq − a1q1 −
a2
q2
∣∣∣∣ (3)
by triangle inequality. The first term on the right-hand side of (3) is small by Dirichlet’s theorem.
Thus, it remains to obtain a good upper bound for the second term on the right-hand side of (3)
(i.e. we can restrict Question 1 to rational α). By combining denominators and letting b = a1q2 +
a2q1, ∣∣∣∣aq − a1q1 −
a2
q2
∣∣∣∣= |aq1q2 − bq|qq1q2 .
Our goal is trying to make the numerator as small as possible, say aq1q2 − bq = r where r > 0
is small. Transforming this into a congruence equation (mod q), we have
q1q2 ≡ ra (mod q) (4)
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related to the congruence equation problem stated in the abstract. Ideally, we want to solve (4)
with r = 1. This seems too hard. So, we take advantage of allowing r to run over a short interval
which gives Theorems 9–11 in the next section. We will also prove an almost all result, namely
Theorem 8, towards Conjecture 4.
Throughout the paper,  denotes a small positive number. Both f (x) = O(g(x)) and f (x) 
g(x) mean that |f (x)|  Cg(x) for some constant C > 0. Moreover f (x) = Oλ(g(x)) and
f (x) λ g(x) mean that the implicit constant C = Cλ may depend on the parameter λ. Also
φ(n) is Euler’s phi function and d(n) is the number of divisors of n. Finally |S| stands for the
cardinality of the set S .
2. Some conjectures and results
By imitating Dirichlet’s theorem, one might conjecture that there exist integers a1, a2, 1 
q1, q2 N such that ∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1q1q2N2
as the two fractions combine to give a single fraction with denominator q1q2  N2. However,
this is very wrong as illustrated by the following example:
Let α = a
p
for some prime number p with N < p  2N (guaranteed to exist by Bertrand’s
postulate) and integer a with (a,p) = 1. Then∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣=
∣∣∣∣ ap − a1q1 −
a2
q2
∣∣∣∣ 1pq1q2 
1
q1q2N
. (5)
So, the best upper bound one can hope for is∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1q1q2N (6)
for some integers a1, a2, 1 q1, q2 N . This follows directly from Theorem 1 by simply choos-
ing a2
q2
= 01 . On the other hand, one can easily get the bound∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1N2 . (7)
For example, fix q1 and q2 to be two distinct primes in the interval [N/4,N] (without loss of
generality, we may assume N  12), and consider the fractions k
q1q2
with (k, q1q2) = 1. Since
one of k, k + 1 or k + 2 is not divisible by neither q1 nor q2, the distance between successive
fractions is  3
q1q2
 1
N2
. Interpolating between (6) and (7), we make the following
Conjecture 2. Let 0 β  1. For any real number α and real number N  1, there exist integers
1 q1, q2 N and a1, a2 such that∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1(q1q2)βN2−β .
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to the readers as a challenging open problem. In another direction, as shown by the example
in (5), the approximation of a real number by a sum of two rationals depends on the rational
approximation of α by a single rational number. Thus, we come up with
Conjecture 3. For any small  > 0 and any N  1, suppose α has a rational approximation
|α − a
q
| 1
qN2
for some integers a, 1 q N2 and (a, q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN2−
for some integers a1, a2, 1  q1, q2  N . Note: We may restrict our attention to q > N in the
above rational approximation of α, for otherwise we can just pick a1
q1
= a
q
and a2
q2
= 01 .
Roughly speaking, this means that if one can approximate a real number well by a rational
number, then one should be able to approximate it by a sum of two rational numbers nearly as
well. Note that the example in (5) shows that this conjecture is best possible (apart from ). As
indicated in the Introduction, Conjecture 3 is related to a conjecture on congruence equation:
Conjecture 4. Let  be any small positive real number. For any positive integer q and integer c
with (c, q) = 1, the equation
xy ≡ c (mod q)
has solutions in 1 x, y  q1/2+ .
We consider the following variation.
Conjecture 5. Let 1/2 < θ  1. There is a constant Cθ such that, for any positive integer q and
integer c with (c, q) = 1, the equation
xy ≡ c (mod q)
has solutions in CθN  x, y  2CθN with (x, y) = 1 for every N  qθ .
Assume Conjecture 5 for some 1/2 < θ  1. Let |α − a
q
|  1
qN1/θ
with (a, q) = 1 and N <
q  N1/θ . Then, by Conjecture 5, there are Cθ , q1, q2 such that CθN  q1, q2  2CθN and
q1q2 ≡ a (mod q) (because qθ  N ). Here a denotes the multiplicative inverse of a modulo q .
In particular, we have aq1q2 ≡ 1 (mod q). So, aq1q2 = kq + 1 for some integer k. This gives
aq1q2 − kq = 1 and ∣∣∣∣aq − kq1q2
∣∣∣∣= 1qq1q2 θ
1
qN2
.
Since (q1, q2) = 1, the fraction kq1q2 = a1q1 + a2q2 for some integers a1, a2. Hence∣∣∣∣α − a1 − a2
∣∣∣∣
∣∣∣∣α − a
∣∣∣∣+
∣∣∣∣a − a1 − a2
∣∣∣∣θ 11/θ .q1 q2 q q q1 q2 qN
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From Igor Shparlinski (see [9]), the author learns that Conjecture 5 is true for θ > 34 .
Recently, M.Z. Garaev and A.A. Karatsuba [5] proved that
Theorem 6. Let Δ = Δ(m) → ∞ as m → ∞. Then the set
{
xy (mod m): 1 x m1/2, S + 1 y  S + Δm1/2
√
m
φ(m)
logm
}
contains (1 + O(Δ−1))m residue classes modulo m.
One can think of this as an almost all result towards Conjecture 4. With slight modification,
one can get
Theorem 7. Let Δ = Δ(m) → ∞ as m → ∞. For any small  > 0 and m1/(2−) N m, the
set
{
xy (mod m):
N
4
 x N, S + 1 y  S + Δm1/2
√
m
φ(m)
logm, (x, y) = 1
}
contains (1 + O(Δ−1) + O( Δlogm
√
m
φ(m)
))m residue classes modulo m.
Using Theorem 7, we can prove an almost all result towards Conjecture 3.
Theorem 8. Let N be a positive integer. For any small  > 0, Conjecture 3 is true for all 0 
α < 1 except a measure of O( 1√logN ).
Instead of an almost all result, one may try to prove Conjecture 3 with a bigger uniform upper
bound. Inspired by a recent paper of Alkan, Harman and Zaharescu [1], a variant of the Erdo˝s–
Turán inequality gives
Theorem 9. For any  > 0 and any N  1, suppose α has a rational approximation |α − a
q
|
1
qN5/4
for some integers a, 1 q N5/4 and (a, q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN5/4− (8)
for some integers a1, a2, and prime numbers 1 q1 < q2 N .
By a slight modification of the proof of Theorem 9, we have
Theorem 10. For any  > 0 and any N  1, suppose α has a rational approximation |α − a
q
|
1
3/2 for some integers a, 1 q N3/2 and (a, q) = 1. ThenqN
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∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN3/2− (9)
for some integers a1, a2, 1 q1, q2 N .
Conditionally, we have
Theorem 11. Assume the Generalized Lindelöf Hypothesis. For any  > 0 and any N  1, sup-
pose α has a rational approximation |α − a
q
|  1
qN4/3
for some integers a, 1  q  N4/3 and
(a, q) = 1. Then ∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN4/3− (10)
for some integers a1, a2, and prime numbers 1 q1 < q2 N .
This is proved by a character sum method. Of course, the goal is trying to push the exponent
of N in (8)–(10) to 2 − . Moreover, one may guess that Conjecture 3 is true even restricting q1
and q2 to prime numbers.
The paper is organized as follow. We first prove the almost all results, Theorems 7 and 8, in
Section 3. Then we prove Theorems 9 and 10 in Sections 4 and 5, respectively. Finally, we prove
Theorem 11 in the last section.
3. Almost all results: Theorems 7 and 8
First, we use Theorem 7 to prove Theorem 8.
Proof of Theorem 8. Consider 1  q  N2− , 0  a  q with (a, q) = 1, and the intervals
Ia,q = {α: |α − aq |  1qN2− }. By Theorem 1, Ia,q ’s cover the interval [0,1]. From the note in
Conjecture 3, we may restrict our attention to q > N .
We call Ia,q good if there exist N4  q1, q2 N with (q1, q2) = 1 such that q1q2 ≡ a (mod q).
Otherwise, we call Ia,q bad. By Theorem 7, for a fixed q , there are at most
(
O
(
Δ−1
)+ O
(
Δ
logq
√
q
φ(q)
))
q = O
(
q√
logq
(
q
φ(q)
)1/4)
(11)
bad Ia,q ’s by choosing Δ = √logq(φ(q)q )1/4. For good Ia,q ’s, we have aq1q2 − bq = 1 for some
integer b, which gives ∣∣∣∣aq − a1q1 −
a2
q2
∣∣∣∣=
∣∣∣∣aq − bq1q2
∣∣∣∣= 1qq1q2 
1
qN2
for some integers a1, a2 as (q1, q2) = 1. Therefore, for α in good Ia,q , there exist N4  q1, q2 N
and integers a1, a2 such that∣∣∣∣α − a1 − a2
∣∣∣∣
∣∣∣∣α − a
∣∣∣∣+
∣∣∣∣a − a1 − a2
∣∣∣∣ 12− . (12)q1 q2 q q q1 q2 qN
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
∑
N<qN2−
q√
logq
(
q
φ(q)
)1/4
× 1
qN2−
 1√
logN
of α in bad Ia,q ’s. Here we use
∑
nx(
n
φ(n)
)1/4 
∑
nx
n
φ(n)
 x. 
The proof of Theorem 7 is almost the same as Theorem 6 of [5]. So we will give the main
points only. The main modification is the set V to which we want it to resemble the set of primes
m1/2 (the choice in [5]) but each element has size ≈ N .
Sketch of proof of Theorem 7. Suppose N  m  N2− . Let I = [N/4,N] and Ik :=
(m
1/2
2k ,
m1/2
2k−1 ] for k = 1,2,3, . . . . Then aIk ⊂ I for N2
k
4m1/2 < a 
N2k
2m1/2 . Note that
N
m1/2
 N/2.
By Bertrand’s postulate, there is a prime pk with N2
k
4m1/2 < pk 
N2k
2m1/2 and pkIk ⊂ I . Now, one
of p1,p2, . . . , p[4/]+1 must be relatively prime to m. For otherwise p1p2 . . . p[4/]+1 divides m
which implies (N/22 )
[4/]+1 mN2− . This is impossible for sufficiently large N .
Therefore, say for some 1  K  [4/] + 1, pK is relatively prime to m. We define V :=
{pKp: p is a prime in (m1/22K , m
1/2
2K−1 ], (p,m) = 1}. Clearly V ⊂ [N/4,N ] and |V|  m
1/2
logm as m
is divisible by at most two different primes in the interval (m1/22K ,
m1/2
2K−1 ]. Using this V in the proof
of Theorem 6 of [5], one can get that the set
S =
{
xy (mod m): x ∈ V, S + 1 y  S + Δm1/2
√
m
φ(m)
logm
}
contains (1 + O(Δ−1))m residue classes modulo m. Now, we want to add the requirement
(x, y) = 1 by dropping some residue classes. We are going to exclude those y’s that are divisible
by pK or p ∈ (m1/22K , m
1/2
2K−1 ]. For pK , we exclude O(Δm1/2−
√
m
φ(m)
logm) y’s as pK  N/2.
For each p, we exclude O(Δ
√
m
φ(m)
logm) y’s. So, in total, we exclude O(Δm1/2
√
m
φ(m)
) y’s.
Therefore, we need to exclude at most O(Δ mlogm
√
m
φ(m)
) residue classes from S to ensure
(x, y) = 1 and we have Theorem 7. 
4. Erdo˝s–Turán inequality: Theorem 9
First, we recall a variant of Erdo˝s–Turán inequality on uniform distribution (see, for example,
R.C. Baker [2, Theorem 2.2]).
Lemma 12. Let L and J be positive integers. Suppose that ‖xj‖ 1L for j = 1,2, . . . , J . Then
L∑
l=1
∣∣∣∣∣
J∑
j=1
e(lxj )
∣∣∣∣∣> J6 .
Here ‖x‖ = minn∈Z |x − n|, the distance from x to the nearest integer, and e(x) = e2πix .
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tion |α − a
q
| 1
qNφ
for some integers a, N2−φ+  q Nφ and (a, q) = 1 (Note: The situation
when q < N2−φ+ is trivial as one can simply pick any two distinct primes q1, q2 in the interval
[N/4,N ] and successive fractions with denominator q1q2 has spacing O( 1N2 ) = O( 1qN2− )). We
try to find integers k and distinct prime numbers q1, q2 ∈ P (the set of prime numbers in the
interval [N/2,N ]) such that
∣∣∣∣aq − kq1q2
∣∣∣∣< 1qNφ− or
∥∥∥∥q1q2aq
∥∥∥∥< 1qNφ−2− .
In view of the above lemma, to prove Theorem 9, it suffices to show
L∑
l=1
∣∣∣∣ ∑
q1,q2∈P
q1 =q2
e
(
lq1q2a
q
)∣∣∣∣ 16
(|P|2 − |P|)
with L := [qNφ−2−] + 1. By triangle inequality, it suffices to show
S1 + S2 :=
L∑
l=1
∣∣∣∣ ∑
q1,q2∈P
e
(
lq1q2a
q
)∣∣∣∣+
L∑
l=1
∣∣∣∣ ∑
q1∈P
e
(
lq21a
q
)∣∣∣∣ 17 |P|2 (13)
for N sufficiently large. Note that 1 L q as 1 +   φ  2. By Cauchy–Schwarz inequality
and orthogonality of e(x),
S22 
(
L∑
l=1
1
)(
L∑
l=1
∣∣∣∣ ∑
q1∈P
e
(
lq21a
q
)∣∣∣∣
2
)
 L
(
q∑
l=1
∣∣∣∣ ∑
q1∈P
e
(
lq21a
q
)∣∣∣∣
2
)
= Lq
∑
q1∈P
∑
q2∈P
q22≡q21 (mod q)
1 
{
Lqd(q)N if q > N,
Ld(q)N2 if q N
because (q1, q) = 1 = (q2, q), and n2 ≡ b (mod q) has O(2ω(q)) = O(d(q)) solutions for n
when (b, q) = 1. Here ω(q) denotes the number of distinct prime divisors of q . Therefore as
L = [qNφ−2−] + 1 and q Nφ ,
S2 
{
qNφ/2−1/2−/2d(q)1/2 if q > N,
q1/2Nφ/2−/2d(q)1/2 if q N
 d(q)1/2 max(N3φ/2−1/2−/2,Nφ/2+1/2−/2).
By Chebychev’s estimate or the prime number theorem, and d(q)  q/4  N/2, one can
check that S2  1 |P|2 when φ  5/3 and N is sufficiently large depending on .14
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dr =
∑
lL,q1∈P
lq1=r
1.
Since l  L  qNφ−2− + 1  N2φ−2− + 1  N2− + 1  N2, we need to consider r 
LN  N3. But then r is divisible by at most three q1 ∈ P . Thus dr  3. Then
S1 
LN∑
r=1
dr
∣∣∣∣ ∑
q2∈P
e
(
rq2a
q
)∣∣∣∣. (14)
By Cauchy–Schwarz inequality and orthogonality of e(x),
S21 
(
LN∑
r=1
d2r
)(
LN∑
r=1
∣∣∣∣ ∑
q2∈P
e
(
rq2a
q
)∣∣∣∣
2
)
 9LN
q([LN/q]+1)∑
r=1
∣∣∣∣ ∑
q2∈P
e
(
rq2a
q
)∣∣∣∣
2
= 9LN
([
LN
q
]
+ 1
)
q
∑
q1∈P
∑
q2∈P
q2≡q1 (mod q)
1
 9LN
([
LN
q
]
+ 1
)
q
∑
N/2q1N
∑
N/2q2N
q2≡q1 (mod q)
1 
{
(LN)2N if q > N,
(LN)2 N
2
q
if q N
as LN  qNφ−1−  q . Therefore as L = [qNφ−2−] + 1 and q Nφ ,
S1 
{
qNφ−1/2− if q > N
q1/2Nφ− if q N  max
(
N2φ−1/2−,Nφ+1/2−
)
.
By Chebychev’s estimate or the prime number theorem, one can check that S1  114 |P|2 when
φ  5/4 and N is sufficiently large depending on . Consequently, we have (13) as long as
φ  5/4 and N sufficiently large. We set φ = 5/4.
By the contrapositive of Lemma 12, there exist distinct prime numbers q1, q2 ∈ P such that
‖ q1q2a
q
‖ < 1
qN5/4−2− for sufficiently large N . In other words | aq − kq1q2 |  1qN5/4− for some
integer k. Hence
∣∣∣∣α − kq1q2
∣∣∣∣
∣∣∣∣α − aq
∣∣∣∣+
∣∣∣∣aq − kq1q2
∣∣∣∣ 1qN5/4−
which gives Theorem 9 as (q1, q2) = 1 and we can write k = a1q2 + a2q1 for some inte-
gers a1, a2. 
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The proof of Theorem 10 is almost the same as Theorem 9. We shall be content to indicate
the necessary modifications.
Proof of Theorem 10. Without loss of generality, we can assume q > N as indicated in the note
of Conjecture 3. The starting point is almost the same as that of Theorem 9. The difference is that
we want q1 ∈ P but any integer q2 ∈ [N/2,N] with (q1, q2) = 1. Equivalently we need q2 = q1
since q1 is a prime in [N/2,N]. Instead of (13), it suffices to show
S1 + S2 :=
L∑
l=1
∣∣∣∣ ∑
q1∈P
∑
N/2q2N
e
(
lq1q2a
q
)∣∣∣∣+
L∑
l=1
∣∣∣∣ ∑
q1∈P
e
(
lq21a
q
)∣∣∣∣ 17 |P|2. (15)
Now S2 is treated the same way as in Theorem 9. So S2  114 |P|2 when φ  5/3 and N is
sufficiently large depending on .
As for S1, instead of (14), we have
S1 
q([LN/q]+1)∑
r=1
dr
∣∣∣∣ ∑
N/2q2N
e
(
rq2a
q
)∣∣∣∣ LNq
q∑
r=1
∣∣∣∣ ∑
N/2q2N
e
(
rq2
q
)∣∣∣∣
as (a, q) = 1. Now summing according to the greatest common divisor d = (r, q),
S1  LN
q
∑
d|q
∑
r ′q/d
(r ′,q/d)=1
∣∣∣∣ ∑
N/2q2N
e
(
r ′q2
q/d
)∣∣∣∣ LNq
∑
d|q
∑
r ′q/d
min
(
N,
1
‖ r ′
q/d
‖
)
 LN
q
∑
d|q
d<N
( ∑
r ′q/N
N +
∑
q/N<r ′q/d
q/d
r ′
)
+ LN
q
∑
d|q
dN
∑
r ′q/d
N  LNd(q) logq.
Recall L = [qNφ−2−]+1 and q Nφ , thus S1  114 |P|2 as long as φ  3/2 < 5/3. This proves
Theorem 10. 
6. Character sum method: Theorem 11
First let us prove a simple lemma which is needed at the end of the proof of Theorem 11.
Lemma 13. Let q be a positive integer and B  1 be any real number. Then the number of
integers between 1 and B relatively prime to q is B φ(q)
q
+ O(d(q)).
Proof. Using properties of Möbius function μ(n), the number of integers between 1 and B
relatively prime to q is
∑
1nB
1 =
∑
1nB
∑
d|n
μ(d) =
∑
1dB
μ(d)
∑
1nB
1 =
∑
1dB
μ(d)
(
B
d
+ O(1)
)
(n,q)=1 d|q d|q d|n d|q
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∑
d|q
μ(d)
d
+ O
(
B
∑
d>B
d|q
μ(d)
d
)
+ O(d(q))= B φ(q)
q
+ O(d(q)). 
Proof of Theorem 11. Let  > 0, N  1 and 1 +   φ  2 − 2. Without loss of generality,
we may assume N is sufficient large. Suppose α has a rational approximation |α − a
q
| 1
qNφ
for
some integers a, N2−φ− < q Nφ and (a, q) = 1 (the case q N2−φ− is trivial as indicated
in the proof of Theorem 9). We will try to find integer k and distinct prime numbers N/2 
q1, q2  N such that | aq − kq1q2 | is small. This is equivalent to |aq1q2 − kq| being small which
leads us to consider
aq1q2 ≡ b (mod q) (16)
with distinct q1, q2 ∈ P , the set of primes in the interval [N/2,N] that are relatively prime to q ,
and b ∈ B, the set of integers in the interval [1,B] with B  q to be chosen later.
Let χ denote a typical Dirichlet character modulo q . By orthogonality of characters, the num-
ber of solution to (16) is
# = 1
φ(q)
∑
χ
∑
q1,q2∈P
q1 =q2
∑
b∈B
χ(aq1q2)χ(b) (17)
where the sum
∑
χ is over all Dirichlet character modulo q , and z denotes complex conjugate
of z. We want # > 0. We separate the contribution from the principal character in (17) and get
# = 1
φ(q)
|P|(|P| − 1)|Bq | + 1
φ(q)
∑
χ =χ0
∑
q1,q2∈P
q1 =q2
∑
b∈B
χ(aq1q2)χ(b) := #1 + #2
where Bq denotes the set of numbers in B that are relatively prime to q . Now
#2 = 1
φ(q)
∑
χ =χ0
∑
q1,q2∈P
∑
b∈B
χ(aq1q2)χ(b) − 1
φ(q)
∑
χ =χ0
∑
q1∈P
∑
b∈B
χ
(
aq21
)
χ(b),
|#2|  1
φ(q)
∑
χ =χ0
∣∣∣∣ ∑
q1∈P
χ(q1)
∣∣∣∣
2∣∣∣∣∑
b∈B
χ(b)
∣∣∣∣+ 1φ(q)
∑
χ =χ0
∣∣∣∣ ∑
q1∈P
χ2(q1)
∣∣∣∣
∣∣∣∣∑
b∈B
χ(b)
∣∣∣∣
:= S1 + S2.
Using trivial estimate on
∑
q1
and Cauchy–Schwarz inequality, we have
S2 
|P|
φ(q)
(∑
χ
1
)1/2(∑
χ
∣∣∣∣∑
b∈B
χ(b)
∣∣∣∣
2)1/2
 |P||B|1/2  |B|1/2N
by orthogonality of characters (note that B  q).
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∑
nN
χ(n)  N1/2q (18)
for non-principal character χ (mod q). Using this and the orthogonality of characters, we have
S1  |B|1/2q 1
φ(q)
∑
χ
∣∣∣∣ ∑
q1∈P
χ(q1)
∣∣∣∣
2
 |B|1/2q
∑
q1,q
′
1∈P
q1≡q ′1 (mod q)
1
 |B|1/2q
∑
N/2q1, q ′1N
q1≡q ′1 (mod q)
1 |B|1/2qN
(
N
q
+ 1
)
.
Thus
|#2|  |B|1/2qN
(
N
q
+ 1
)

{
|B|1/2qN if q > N,
|B|1/2q N2
q
if q N;
while
#1 
|P|2|Bq |
2φ(q)
for N sufficiently large. Therefore, replacing  with /4, we have # > 0 if
|P|2|Bq |
φ(q)
 |B|1/2q/4N and |P|
2|Bq |
φ(q)
 |B|1/2 N
2
q1−/4
.
By Chebychev’s estimate or the prime number theorem, |P|  N2 logN − 2 > N3 logN as q  N2
can be divisible by at most two q1 ∈ P . Consequently by Lemma 13, (16) has some solutions
q1, q2 ∈ P with q1 = q2, and 1 b  B = max( q2+0.6N2 , q0.6). In other words, we can find dis-
tinct primes q1, q2 ∈P and integer k such that
∣∣∣∣aq − kq1q2
∣∣∣∣ max
(
q1+0.6
N4
,
1
q1−0.6N2
)
. (19)
The right-hand side of (19) is  1qNφ− if q2+0.6  N4−φ+ . This is true when φ  4/3 as
q Nφ (Note: 0.6 × 4/3 < 1). This proves Theorem 11. 
Note. One can get a weaker unconditional result with φ  6/5 using Pólya–Vinogradov inequal-
ity instead of (18).
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